Abstract. We show that, given a saturated fusion system, it is, under certain conditions, possible to identify SL 2 ðqÞ acting on a natural module inside the normalizer of an essential subgroup. In particular, this is the case if the fusion system is non-constrained and has only one conjugacy class of essential subgroups.
Introduction
We aim to use group-theoretic methods to investigate the structure of saturated fusion systems. In finite group theory, the p-local subgroups, i.e. the normalizers of non-trivial p-subgroups, play an important role. One reason for this is the fact that in a finite group G, fusion of elements of a Sylow p-subgroup S of G is controlled in the normalizers of certain non-trivial subgroups of S. Here, by fusion we mean the conjugacy of elements of S in G. This result was first proven by Alperin [1] and later improved by Goldschmidt [11] . The two results are known as Alperin's fusion theorem and the Alperin-Goldschmidt fusion theorem.
Saturated fusion systems mimic the p-local structure of finite groups. In [6] , Broto, Levi and Oliver published a version of Alperin's fusion theorem for saturated fusion systems. Indeed a result similar to the Alperin-Goldschmidt fusion theorem holds, as Puig was probably aware. Therefore, it seems natural to apply methods from plocal group theory to saturated fusion systems. In particular we use results about FF-modules; background material can be found in Section 4.
For the remainder of the introduction let p be a prime and F be a saturated fusion system on a finite p-group S. For every subgroup P of S, we set AðPÞ :¼ Mor F ðP; PÞ and denote by InnðPÞ the group of inner automorphisms of P. For basic definitions and notation regarding fusion systems we refer the reader to Section 2.
A subgroup Q of S is called essential in F if Q is centric and AðQÞ=InnðQÞ has a strongly p-embedded subgroup. Here, a proper subgroup H of a finite group G is called strongly p-embedded, if p divides jHj and, for every x A GnH, the order of H V H x is not divisible by p. It can be shown that every F-conjugate of an essential subgroup is again essential. Thus, we may talk about essential classes referring to the F-conjugacy classes of essential subgroups. A version of the Alperin-Goldschmidt fusion theorem for saturated fusion systems states that a set of subgroups of S is a conjugation family if it contains S and at least one member of each essential class. Here, a set of subgroups of S is called a conjugation family for F, if fusion in F is controlled in the normalizers of its members. Shpectorov informed us that there is a converse result, partly proven by Fyn-Sydney [9] : Every conjugation family for F contains S and at least one member from each essential class. This shifts the focus from the particular essential subgroups to the essential classes. Accordingly, we define the essential rank of F to be the number of F-conjugacy classes of essential subgroups. The structure of fusion systems of high essential rank is usually di‰cult to determine. By comparison, in cases in which the essential rank is (explicitly or implicitly) bounded, there is a good chance of restricting the structure of F.
In view of the Alperin-Goldschmidt fusion theorem, an important first step seems to be to determine the structure of the F-automorphism groups of the essential subgroups. The structure of groups with a strongly p-embedded subgroup is fairly restricted. In particular, Bender [4] classified all groups with a strongly 2-embedded subgroup. For odd primes, a similar result can be proved using the classification of finite simple groups.
From now on let Q be an essential subgroup of F. In this paper we provide an elementary method to show under certain circumstances that AðQÞ=InnðQÞ is basically isomorphic to SL 2 ðqÞ with some p 0 -part. We do not use Bender's result or the classification of finite simple groups in any form. All we use are results from [7] , whose proof is more or less self-contained. Also, we restrict not only the structure of AðQÞ, but also its action on Q by identifying a natural SL 2 ðqÞ-module inside WðZðQÞÞ. For the definition of a natural SL 2 ðqÞ-module see Definition 4.8. In Section 5, we list the theorems that we need from [7] and apply them to prove results on groups with strongly p-embedded subgroups acting on FF-modules. The next theorem that we state is a direct consequence of one of these results (Theorem 5.6). Accordingly, it is of a more group-theoretic nature. We also use the fact that (as the author again learned from Shpectorov), a strongly p-embedded subgroup of AðQÞ=InnðQÞ can be described explicitly in terms of the fusion system as follows. Denote by RðQÞ the group of F-automorphisms of Q that are the composition of a finite number of isomorphisms, each of which can be extended to an F-automorphism of a subgroup of S of order strictly larger than jQj. Then RðQÞ=InnðQÞ is a strongly p-embedded subgroup of AðQÞ=InnðQÞ which is minimal with respect to inclusion. For the formal definition of RðQÞ see Definition 2.12. Here, for a finite group G, we denote by O p 0 ðGÞ the smallest normal subgroup of G with a factor group of order coprime to p. By JðGÞ we mean the 'elementary abelian' version of the Thompson subgroup, i.e. the subgroup of G which is generated by the elementary abelian subgroups of G of maximal order. Furthermore, WðGÞ is the subgroup of G generated by all elements of G of order p.
Part (a) of Theorem 1.1 follows from the condition
Assume now that C S ðV Þ ¼ Q and set T ¼ N S ðQÞ. Then the assumption JðTÞ G Q is equivalent to ½V ; JðTÞ 0 1, which in view of the FF-module results stated in Section 4 is a fairly natural group-theoretic condition. In particular, if Q is fully normalized and V ¼ hWðZðTÞÞ AðQÞ i, this is equivalent to the failure of Thompson factorization in a model G of N F ðQÞ, i.e. to G 0 C G ðWðZðTÞÞÞN G ðJðTÞÞ. Here, by a model for a saturated fusion system F on S we mean a finite group G such that G has a normal p-subgroup containing its centralizer, S is a Sylow p-subgroup of G, and F is the fusion system on S whose morphisms come from conjugation with elements of G. If P is fully normalized in F then N F ðPÞ is saturated, and if P is in addition centric, it follows from [5, (4. 3)] that a model for N F ðPÞ always exists.
Our second result is of a more fusion-theoretic nature. Here, for subgroups A and B of S we say that A is fused into B if Mor F ðA; BÞ 0 q. Theorem 1.2 seems particularly powerful in cases of low essential rank. Observe that, given a set D of representatives of the essential classes, a characteristic subgroup of S is normal in F if and only if, for each P A D, it is contained in P and invariant under AðPÞ (see Lemma 2.17) . In particular, if F has essential rank 1, then the hypotheses of Theorem 1.2 are satisfied, unless JðSÞ or WðZðSÞÞ is normal in F.
As a consequence, we show that, if F has essential rank 1, F is not constrained and Q is an essential subgroup of F, then AðQÞ=InnðQÞ is isomorphic to SL 2 ðqÞ with some p 0 -part, and there is a non-central chief factor in Q which is a natural SL 2 ðqÞ-module. More precisely, we prove the following corollary. It seems probable that fusion systems of essential rank 1 often turn up as p-local subsystems of fusion systems of low essential rank, in particular as an obstruction to cases in which Theorem 1.2 or similar arguments can be applied directly. Then perhaps, Corollary 1.3 combined with Stellmacher's qrc-lemma [16, (4.7) ] can help to restrict the structure of F.
For the proofs of the results stated so far, see Section 6. Lemma 6.6, which is used in this paper for proving Theorem 1.2 from Theorem 1.1 might be useful in other situations.
Throughout this paper we write mappings on the right. By p we will always denote a prime. In our notation and terminology regarding fusion systems, we mostly follow [6] . The reader can find a brief introduction in Section 2. At the end of Section 2 we also formally state the Alperin-Goldschmidt fusion theorem and give some consequences. Our group-theoretic notion comes from [13] . In particular, if G is a finite group, we write Syl p ðGÞ for the set of Sylow p-subgroups of G, and define G to be p-closed if it has a normal Sylow p-subgroup. Also, for a normal subgroup N of G, we will often make use of the so called 'bar'-notation, in which, after setting G ¼ G=N, we write U (resp. g) for the image of a subgroup U of G (resp. an element g A G) in G.
Saturated fusion systems
Throughout this section let S be a group. For g A S we denote by c g : S ! S the inner automorphism of S determined by g. Let P and Q be subgroups of S. For any map f : P ! Q, and subgroups A, B with A c P and Af c B c S, we denote by f jA; B the map with domain A and range B mapping each element of A to its image under f. Definition 2.1. Let S be a group. A fusion system on S is a category F whose objects are all subgroups of S and whose morphisms satisfy the following properties for all P; Q c S.
(1) Mor F ðP; QÞ is a set of injective group homomorphisms from P to Q. From now on let S be a group and F be a fusion system on S. By abuse of notation we write F for the set of objects of F. In particular we write Q A F instead of Q c S.
Observe that, given an F-morphism, we can restrict its domain and take any suitable target and obtain again an F-morphism. In particular, for all P; Q c S and every x A S with P x c Q, the map c xjP; Q is by axiom (3) an F-morphism. Note also that, by axiom (5), an F-morphism is an isomorphism in the categorical sense if and only if it is an isomorphism of groups. Definition 2.2. Let P; Q A F. We say that P is fused into Q if Mor F ðP; QÞ 0 q. The subgroup P is said to be F-conjugate to Q if there exists an isomorphism in Mor F ðP; QÞ. By P F we denote the F-conjugacy class of P, i.e. the set of all subgroups of S which are F-conjugate to P.
Note that, for any two F-conjugate subgroups P, Q of S, all elements of Mor F ðP; QÞ are isomorphisms.
Note that for every P A F, Aut F ðPÞ is a group acting on P. Also, R P is a subgroup of Aut F ðPÞ, for each subgroup R of S containing P. Definition 2.5. The fusion system F is said to be saturated if S is a finite p-group and the following conditions hold for every P A F.
(I) If P is fully normalized, then P is fully centralized and S P A Syl p ðAut F ðPÞÞ.
F is fully centralized and f A Mor F ðP; QÞ, then f extends to a member of Mor F ðN f ; SÞ, where
For the remainder of this section let S be a finite p-group and F be a saturated fusion system on S. To ease notation we set AðPÞ :¼ Aut F ðPÞ for every P A F:
As a consequence of axiom (II) we get the following lemma.
Lemma 2.6. Let Q; R A F such that QC S ðQÞ c R c N S ðQÞ and Q is fully centralized. Then f A AðQÞ extends to some element of AðRÞ if and only if f normalizes R Q .
We will use the following well-known property.
Lemma 2.7. Let Q A F. Then Q is fully normalized if and only if, for each P A Q F , there exists a morphism f A Mor F ðN S ðPÞ; N S ðQÞÞ such that Pf ¼ Q.
Proof. See for example [14, (2.6) ]. r Definition 2.8. A subgroup P A F is called normal in F, if P is normal in S and, for all R; Q c S, each f A Mor F ðR; QÞ extends to a member of Mor F ðRP; QPÞ which takes P to P.
We denote by O p ðFÞ the largest subgroup of S which is normal in F.
We call P strongly closed in F if, for all A; B c S and every morphism f A Mor F ðA; BÞ, we have ðA V PÞf c P.
Note here that O p ðFÞ is well defined since the product of two normal subgroups of F is again normal in F. Also observe that every normal subgroup of F is strongly closed in F, and every strongly closed subgroup of F is normal in S.
Given a strongly closed subgroup R of F we can define a factor system F=R which is a fusion system on S=R. Here, for subgroups A, B of S containing R, the morphisms in Mor F=R ðA=R; B=RÞ are just the maps induced by the elements of Mor F ðA; BÞ. Proposition 2.9 (Puig). Let R be strongly closed in F. Then F=R is a saturated fusion system on S=R.
Proof. This follows from [2, (8.5) ]. r Remark 2.10. Let R be a strongly closed subgroup of F and R c Q c S. Let F be the map from AðQÞ to Aut F=R ðQ=RÞ which maps each F-automorphism of Q to the induced automorphism of Q=R. Then F is a surjective group homomorphism with kernel C :¼ C AðQÞ ðQ=RÞ. Moreover, InnðQÞC is the full preimage of InnðQ=RÞ under F. In particular, Aut F=R ðQ=RÞ G AðQÞ=C and InnðQ=RÞ G InnðQÞC=C:
Recall from the introduction that Q A F is defined to be essential if Q is centric and AðQÞ=InnðQÞ has a strongly p-embedded subgroup.
Lemma 2.11. Let R be strongly closed in F and R c Q c S such that Q=R is essential in F=R. Then C AðQÞ ðQ=RÞ InnðQÞ=InnðQÞ is a p 0 -group and Q is essential in F.
Proof. Observe that a subgroup P of S is F-conjugate to Q if and only if R c P and P=R is conjugate to Q=R in F=R. So Q is centric in F since Q=R is centric in F=R. Now let P A Q F be fully normalized. Then S P A Syl p ðAðPÞÞ and thus
Since Q=R is centric, C S ðP=RÞ c P and so C S P ðP=RÞ c InnðPÞ. Hence, So AðQÞ=InnðQÞ modulo some normal p 0 -group is isomorphic to Aut F ðQÞ=InnðQÞ. Therefore, AðQÞ=InnðQÞ has a strongly p-embedded subgroup since Aut F ðQÞ=InnðQÞ has a strongly p-embedded subgroup. Hence, Q is essential in F. r
We conclude this section with the statement of the Alperin-Goldschmidt fusion theorem, some of its consequences and related results. First we need one more definition.
Definition 2.12. Let C be a set of subgroups of S.
Let P; Q c S and f A Mor F ðP; QÞ. We call f a C-morphism if there exist sequences of subgroups of S P ¼ P 0 ; P 1 ; . . . ; P n ¼ Pf in F; and Q 1 ; . . . ; Q n in C and elements a i A AðQ i Þ for i ¼ 1; . . . ; n such that P iÀ1 ; P i c Q i , P iÀ1 a i ¼ P i and f ¼ a 1jP 0 ; P 1 a 2jP 1 ; P 2 . . . a njP nÀ1 ; P n :
We call C a conjugation family for F if every morphism in F is a C-morphism. Let Q A F. Set C Q ¼ fP A F : jPj > jQjg and write RðQÞ for the set of all C Qmorphisms in AðQÞ.
The definition of a conjugation family above is analogous to a definition given by Glauberman [10] for the group case. Note that, for Q A F, every element of S Q extends to a member of AðSÞ and hence, S Q c RðQÞ. Recall from the introduction that every F-conjugate of an essential subgroup is again essential, and that an essential class of F is an F-conjugacy class of essential subgroups. Theorem 2.13 (Alperin-Goldschmidt fusion theorem). Let C be a set of subgroups of S. If S A C and C intersects non-trivially with every essential class, then C is a conjugation family.
Proof. This is a direct consequence of [14, (5. 2)] and [8, (2.10) ]. r Theorem 2.13 yields in particular that F (i.e. the set of all subgroups of S) is a conjugation family for F. So, in fact, every morphism in the category F is also an F-morphism in the above sense. Thus, this definition is consistent with our original notion of an F-morphism.
The author learned from Shpectorov that the converse of Theorem 2.13 and the following lemma hold. Lemma 2.14. A proper subgroup Q of S is essential in F if and only if RðQÞ 0 AðQÞ. Furthermore, if Q is essential in F then RðQÞ=InnðQÞ is a strongly p-embedded subgroup of AðQÞ=InnðQÞ which is minimal with respect to inclusion.
Proof. We will use that for all A; B A F, c A Mor F ðA; BÞ and P c A, the map c Ã P : AðPÞ ! AðPcÞ; defined by a 7 ! c À1 ac is a group homomorphism taking InnðPÞ to InnðPcÞ. Moreover, if P < A then by Theorem 2.13, c is a C P -morphism and RðPÞc Ã P ¼ RðPcÞ. In particular, by Lemma 2.7, we may assume that Q is fully normalized. If RðQÞ 0 AðQÞ then it follows from [12, (17.11) ] and the saturation axioms that Q is essential. Suppose now that Q is essential. Let InnðQÞ c R c AðQÞ and suppose that R=InnðQÞ is a minimal strongly p-embedded subgroup of AðQÞ=InnðQÞ. Then by [12, (17.11) ] and the saturation axioms, R c RðQÞ. Now let f A RðQÞ. Then there exist sequences of subgroups of S Q ¼ P 0 ; P 1 ; . . . ; P n ¼ Q in F;
and
c R i and S P i c R i . Hence, it fol-lows by induction that S P i c R i for i ¼ 1; . . . ; n and in particular S Q c R n ¼ f À1 Rf. This implies f A R, since R=InnðQÞ is strongly p-embedded in AðQÞ=InnðQÞ. Thus, R ¼ RðQÞ 0 AðQÞ. This completes the proof. r Proof. Note that by Theorem 2.13, C is a conjugation family. Therefore, if N c P and N is AðPÞ-invariant for every P A C, then N is normal in F. Suppose now that N is normal in F. Let P A D. Then every element of AðPÞ extends to an element of AðPNÞ. Hence, ðPNÞ P is a normal p-subgroup of AðPÞ. Since AðPÞ=InnðPÞ has a strongly p-embedded subgroup, it follows that ðPNÞ P c InnðPÞ. Since P is centric, this yields N c P. Thus, N c P for every P A C. Since N is normal, N is AðPÞ-invariant for any P A C. r Lemma 2.18. Suppose that Q is essential in F and every essential subgroup of F is fused into Q. Let R A F and suppose that Mor F ðR; QÞ 0 q. Then there is a A AðSÞ such that Ra c Q.
Proof. Let D be the set of all essential subgroups of F contained in Q. Then by Theorem 2.13 and our assumption, C ¼ fSg U D is a conjugation family. In particular, if we pick an element f A Mor F ðR; QÞ, this is a C-morphism. So either f extends to an element of AðSÞ or there is P A D and a A AðSÞ such that Ra c P c Q. This yields the assertion. r 3 Minimal parabolics and strongly p-embedded subgroups Throughout this section G will be a finite group, p a prime and T a Sylow psubgroup of G. Moreover, q is assumed to be a power of p. The above definition is due to McBride. It does not depend on the choice of T, since the Sylow p-subgroups of G are conjugate and every conjugate of a maximal subgroup of G is again maximal in G.
Lemma 3.2. Let G be minimal parabolic with respect to p, let M be the unique maximal subgroup of G containing T, and let N be normal in G.
Given a group G which is not p-closed, it is easy to obtain minimal parabolic subgroups of G containing a Sylow p-subgroup of G. This is a consequence of the following remark which is elementary to check.
Remark 3.3. Let H be a subgroup of G such that N G ðTÞ c H < G. Assume that P is a subgroup of G which is minimal with the properties T c P and P G H. Then P is minimal parabolic and H V P is the unique maximal subgroup of P containing T.
We now recall various properties of groups with a strongly p-embedded subgroup. If H is a strongly p-embedded subgroup of G then we get directly from the definition that N G ðPÞ c H for every non-trivial p-subgroup P of H. In particular, if T V H 0 1 then T c H, since T is nilpotent. So every strongly p-embedded subgroup of G contains a Sylow p-subgroup of G. The following two remarks are elementary to check.
Remark 3.4. Assume that G has a strongly p-embedded subgroup. Let N be a normal subgroup of G such that N ¼ E 1 Â Á Á Á Â E r for subgroups E 1 ; . . . ; E r of G. If p divides the order of E i for i ¼ 1; . . . ; r, then r ¼ 1.
Remark 3.5. Let H be a strongly p-embedded subgroup of G.
(a) Let M be a subgroup of G which is not contained in H. If p divides the order of
(b) Let N be a normal subgroup of G such that p divides jNj. Then H V N is strongly p-embedded in N.
(c) If N t G with HN 0 G then N is a p 0 group and HN=N is strongly p-embedded in G=N.
In [4] , Bender classified all groups with a strongly 2-embedded subgroup. The following lemma can be obtained as consequence of his result. However, it follows also directly from the elementary fact that groups with strongly 2-embedded subgroups have only one conjugacy class of involutions. Lemma 3.6. For n > 3, S n does not have a strongly 2-embedded subgroup.
Observe that SL 2 ðqÞ is minimal parabolic and has a strongly p-embedded subgroup. At the same time, SL 2 ðqÞ tends to turn up in minimal parabolics and in groups with strongly p-embedded subgroups acting on FF-modules. We conclude this section with two lemmas about groups containing a normal subgroup isomorphic to SL 2 ðqÞ. Lemma 3.7. Let H c G be strongly p-embedded in G and let T c H. Suppose that E is a normal subgroup of G such that E G SL 2 ðqÞ. Then H ¼ N G ðT V EÞ and G=E is a p 0 -group. Proof. This is well known, and it follows since N E ðT V EÞ is irreducible on T V E, and C AutðEÞ ðT V EÞ G T V E. r
FF-modules
Throughout this section let G be a finite group and V be a GFðpÞG-module. We write O G ðV Þ for the set of all best o¤enders in G on V and J G ðV Þ for the subgroup of G generated by all best o¤enders in G on V .
The module V is called an FF-module for G, if there is an o¤ender in G on V . An o¤ender A on V is called an over-o¤ender on V if jV =C V ðAÞj < jA=C A ðV Þj. (a) The elements in O G ðV Þ are precisely the subgroups generated by commuting transpositions.
(c) If n > 2 and J is a subgroup of T generated by elements of O T ðV Þ, then N G ðJÞ is not p-closed.
(d) There are no over-o¤enders in G on V .
Proof. Part (a) follows from [7, (2.15) ]. Claims (b), (c) and (d) are consequences of (a). r
Recognizing SL 2 (q)
Assume that G is a finite group and V is a faithful module. In this section we summarize and apply some results of Bundy, Hebbinghaus and Stellmacher [7] .
and define A G ðV Þ to be the set of minimal ðwith respect to inclusionÞ members of the set
Note that m G ðV Þ d jV j, since every element of O G ðV Þ is an o¤ender. Proof. See [7, (4.14) ]. r Theorem 5.3. Suppose G is minimal parabolic with respect to p. Let T A Syl p ðGÞ and M c G be the unique maximal subgroup of G containing T. Assume also that
Then for D ¼ A G ðV Þ, there exist subgroups E 1 ; . . . ; E r of G such that for each i with 1 c i c r the following hold.
(b) T acts transitively on fE 1 ; . . . ; E r g.
Proof. This is [7, (5.5) (a) G ¼ ðE 1 Â Á Á Á Â E r ÞT and T acts on fE 1 ; . . . ; E r g.
. . . ; J TVE r ðW r Þi:
Hence,
We have E V C H ðO 2 ðEÞÞ ¼ 1 and C H ðO 2 ðEÞÞ G H=E is a 2-group, since G=E is a 2-group. Note that C H ðO 2 ðEÞÞ is normal in H and O 2 ðHÞ is normal in G. Therefore
Hence, H ¼ E and A c E. Let A i be the projection of A on E i . By Lemma 4.7 we
(ii) V is an FF-module for G, and (iii) G has a strongly p-embedded subgroup.
Then writing q ¼ jTj we have G G SL 2 ðqÞ and V =C V ðGÞ is a natural SL 2 ðqÞ-module for G. In particular, the following hold. Proof. Let T A Syl p ðGÞ and let M be the unique maximal subgroup of G containing T. Set
Since G has a strongly p-embedded subgroup, we have
(1) O p ðGÞ ¼ 1: Hence O p ðCÞ ¼ 1, since G acts faithfully on V . Then C is a normal p-subgroup and by (1), C ¼ 1. Therefore, (2) G acts faithfully on V :
It follows now from Lemma 4.6 that
We show next (4) C G ðC V ðTÞÞ c M: (4) holds. Now by properties (1)- (4), we can apply Theorem 5.3 to V instead of V . Together with Remark 3.4, Remark 3.5 (b) and Lemma 3.6, this gives us G ¼ ET for some normal subgroup E of G with E G SL 2 ðqÞ for some power q of p. Moreover, V =C V ðEÞ is a natural SL 2 ðqÞ-module for E. By Lemma 3.7 we have G ¼ E. Observe that C V ðEÞ ¼ 1 and so we have shown the following property. , (a) holds. Since G G SL 2 ðqÞ, G is generated by T and a g for any a A T a and g A GnN G ðTÞ. Hence,
so all inequalities are equalities, and thus Z 0 ¼ C V ðGÞ, C V ðTÞ ¼ C V ðaÞ, and C V ðTÞ ¼ C V ðTÞ. This implies the assertion. r Theorem 5.6. Assume that
Then G G SL 2 ðqÞ and V =C V ðGÞ is a natural SL 2 ðqÞ-module for G.
Proof. Let T A Syl p ðGÞ and let H be a strongly p-embedded subgroup of G containing T. Let T c P c G such that P is minimal with the property P G H. Then by Remark 3.3, P is a minimal parabolic and H V P is the unique maximal subgroup of P containing T. Moreover, by Remark 3.5 (a), H V P is strongly p-embedded in P. Note also that P acts faithfully on V since G acts faithfully on V , and V is an FF-module for P because V is an FF-module for G. Hence, we can apply Theorem 5.5 to P. This gives us
(1) ½V ; T; T ¼ 1,
If C G ðC V ðTÞÞ G H, then we can choose P such that P c C G ðC V ðTÞÞ and get a contradiction to (4) . Therefore,
Now we can apply Theorem 4.18 with A ¼ T. This gives us
for q ¼ jTj, and V =C V ðGÞ is a natural SL 2 ðqÞ-module for G. r 6 Proofs of the main results 6.1 Assumptions and notation. Throughout this section let F be a saturated fusion system on a finite p-group S and let Q be essential in F. As in the introduction, we set for every P c S, Recall from Notation 2.4 that we defined for U A F and R c S a subgroup R U of AðUÞ by R U ¼ fc g jU; U : g A N R ðUÞg. In the situations of interest to us, we will be able to show that JðQÞ A CðQÞ.
Lemma 6.5. N AðUÞ ðZÞ < AðUÞ for U A CðQÞ.
Proof. Note that Z c U since U A CðQÞ. Hence, if Z is normalized by AðUÞ, then Zf ¼ Zf jU; U ¼ Z for every f A N A ðQÞ ðUÞ. Therefore, N A ðQÞ ðUÞ c N A ðQÞ ðZÞ, and Z would be A ðQÞ-invariant. This is a contradiction to Hypothesis 6.2 (b). r By Lemma 6.5, there exists a subgroup P of AðUÞ such that S U c P and P G N AðUÞ ðZÞ. Such a subgroup P, which is minimal with these properties, will play a crucial role in the next lemma, the main result of this section. Lemma 6.6. Let U A CðQÞ, set T 1 ¼ N S ðUÞ, T 0 ¼ S U and A ¼ AðUÞ. Let P be a subgroup of A which is minimal with respect to the property that T 0 c P and P G N A ðZÞ. Set W ¼ hZ P i and P ¼ P=C P ðW Þ. Then the following conditions hold.
(a) C T 1 ðW Þ U ¼ O p ðPÞ A Syl p ðC P ðW ÞÞ and JðT 1 Þ G C S ðW Þ.
(b) There is no over-o¤ender in P on W .
(c) A P ðW Þ is the set of minimal members of O P ðW Þ with respect to inclusion.1
Moreover, one of the following holds.
(I) P G SL 2 ðqÞ for some power q of p, W =C W ðPÞ is a natural SL 2 ðqÞ-module for P, and C T 1 ðW Þ is fused into some essential subgroup in F.
(II) For each B A AðT 1 Þ with B U A A P ðW Þ, BC T 1 ðW Þ is fused into some essential subgroup in F. Moreover, there are subgroups E 1 ; . . . ; E r of P such that the following hold for i ¼ 1; . . . ; r: P ¼ ðE 1 Â Á Á Á Â E r ÞT 0 ; T 0 acts transitively on fE 1 ; . . . ; E r g;
. . E r Þ Q i ½W ; E i ; E i G SL 2 ðqÞ for some power q of p, or p ¼ 2 and E i G S 5 ; ½W ; E i =C ½W ; E i ðE i Þ is a natural module for E i .
Proof. Since U A CðQÞ, JðT 1 Þ is not fused into any essential subgroup. Hence, no subgroup R of T 1 with JðT 1 Þ c R is fused into any essential subgroup. In particular, T 1 is not fused into any essential subgroup. Thus, Lemma 2.15 yields (1) U is fully normalized.
Furthermore, Lemma 2.16 implies the following property:
(2) The elements of N A ðR U Þ extend to elements of AðSÞ, and N A ðR U Þ is p-closed, for every subgroup R of T 1 with JðT 1 Þ c R.
It follows from (1) that S U A Syl p ðAÞ, and from (2) that N A ðT 0 Þ c N A ðZÞ. Hence, by Remark 3.3, P is a minimal parabolic and N P ðZÞ is the unique maximal subgroup of P containing T 0 .
Let
, then by (2) every element of P extends to an element of AðSÞ. This is a contradiction to P G N A ðZÞ. Therefore, JðT 1 Þ G Q 0 .
Since C P ðW Þ is a normal subgroup of P, by Lemma 3.2, either O p ðPÞ c C P ðW Þ, This together with (2) yields (4) N P ðJ T 0 ðW ÞC P ðW ÞÞ is p-closed.
Let Q 1 be the full preimage of O p ðPÞ in P. Since P is not a p-group, O p ðPÞ G Q 1 . Hence, it follows from Lemma 3.2 that
Note that P is minimal parabolic and N P ðZÞ is the unique maximal subgroup of P containing T 0 , since N P ðZÞ is the unique maximal subgroup of P containing T 0 and C P ðW Þ c C P ðZÞ. Moreover, it follows from Z c C W ðT 0 Þ that C P ðC W ðT 0 ÞÞ c C P ðZÞ c N P ðZÞ:
Therefore we can apply Theorem 5.3. This yields that for D ¼ A P ðW Þ there exist subgroups E 1 ; . . . ; E r of P containing C P ðW Þ, such that for 1 c i c r the following hold:
(i) P ¼ ðE 1 Â Á Á Á Â E r ÞT 0 ;
(ii) T 0 acts transitively on fE 1 ; . . . ; E r g;
(iv) W ¼ C W ðE 1 E 2 . . . E r Þ Q r i¼1 ½W ; E i , with ½W ; E i ; E j ¼ 1 for j 0 i; (v) E i G SL 2 ðp n Þ, or p ¼ 2 and E i G S 2 n þ1 , for some n A N; For the proof of (v 0 ) we may assume p ¼ 2 and E i G S 2 n þ1 for each i with 1 c i c r and some n A N. By (4), N P ðJ T 0 ðW ÞÞ is p-closed. By Lemma 5.4, N E i ðJ E i VT 0 ðW ÞÞ c N P ðJ T 0 ðW ÞÞ:
Hence it follows from Lemma 4.12 that E i G S 3 or S 5 . Since S 3 G SL 2 ð2Þ, this yields (v 0 ). Assume now that (II) does not hold. Then by (i)-(vi) and (v 0 ), we may assume that BQ 0 is not fused into any essential subgroup of F. Hence, by Lemma 2.16, N P ððBQ 0 Þ U Þ is p-closed. Note that ðBQ 0 Þ U A Syl p ðB U C P ðW ÞÞ. Therefore, by the Frattini argument, N P ðB U Þ is p-closed as well. Observe also that, by (iii), there exists k c r such that B U c E k . Now, if r 0 1, then for j 0 k, E j is p-closed, a contradiction to (v 0 ). Therefore r ¼ 1. If E 1 G S 5 , then by Lemma 4.12, B U corresponds to a transposition in S 5 and C E k ðB U Þ G C 2 Â S 3 . This is again a contradiction to N P ðB U Þ being p-closed.
Hence, E 1 G SL 2 ðqÞ for some power q of p. Since O p ðPÞ ¼ 1, it follows from Lemma 3.8 that P G SL 2 ðqÞ. In particular, P is not p-closed and therefore by Lemma 2.16, Q 0 ¼ C T 1 ðW Þ is fused into some essential subgroup of F. This establishes (I) and completes the proof of Lemma 6.6. r We can now apply Theorem 1.2 to F and Q in place of F and Q. This implies that 
